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Various ambiguous results on radiatively induced Lorentz and CPT violation in
quantum electrodynamics with a modified fermionic sector are reviewed and pos-
sible explanations for this ambiguity appearing in the literature are commentated.
Furthermore, joint between stringent limit from astrophysical observation and the-
oretical prediction on Lorenz and CPT violation is discussed.
1 Introduction
Lorentz symmetry is algebraic foundation of the theory of special relativity. Nearly one
hundred years the theory of special relativity keeps the status as a cornerstone of modern
physics and has been supported by numerous high energy physics experiments and astro-
physical observation. However, physics is a science born out of experimental observation.
With the availability of higher precision experimental or observational data, it is conceiv-
able that even the most fundamental principles may someday have to be modified or even
abandoned. There are quite a number of such examples in the history of physics. It is
partly in this spirit that an investigation on the possible breaking of Lorentz symmetry is
not fantastic.
In fact, the spontaneous breaking of Lorentz symmetry is a natural consequence of string
theory. If the Standard Model is considered as the low-energy limit of a more fundamental
theory constructed from string, the spontaneous breaking of Lorentz symmetry can occur
naturally since string theory generally involves interactions that make a Lorentz tensor get
non-zero vacuum expectation value1.
A straightforward reason of considering Lorentz and CPT violation in quantum electro-
dynamics (QED) was from astrophysical observation. A lopsided analysis on the polarized
electromagnetic radiation emitted by distant radio galaxies revealed that the universe may
present cosmological anisotropy in electromagnetic wave propagation2. Moreover, the anal-
ysis suggested that this chiral effect can be well described at lower derivative expansion by
a modified classical electrodynamics proposed a decade ago3,
S =
∫
d4x
(
−
1
4
FµνF
µν +
1
2
ǫµνλρkµFνλAρ
)
. (1)
The first term of (1) is the familiar Maxwell term, and the second one is called the Chern-
Simons-like (CS) term,
LCS =
1
2
ǫµνλρkµFνλAρ, (2)
which explicitly violate Lorentz and discrete CPT symmetries since kµ is certain background
constant vector in four-dimensional space-time. Despite that a more rigorous analysis on
the astrophysical observation data has excluded the polarization effect of electromagnetic
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wave in propagating from the distant radio sources4, this still provides a promising way
to observe a violation of Lorentz and CPT symmetries in nature, and hence stimulates an
effort to explore a possible Lorentz and CPT violating mechanism theoretically.
Furthermore, a SU(3)×SU(2)×U(1) standard model with explicit Lorentz and CPT vi-
olating extension had been constructed and hence a quantitative physical theory of studying
Lorentz and CPT violation was furnished5. Predictions on the possible Lorentz and CPT
violation from this extended Standard Model can be tested by high-precision measurements
in numerous existing experiments and possibly in next generation accelerator6.
In this talk I shall concentrate on a typical quantum field theory problem, namely,
whether the CPT-odd pure photon term in electrodynamics, i.e. the CS term shown in
Eq. (2), can be induced from quantum correction with a modified fermionic sector
Lfermion = ψ (i∂/ − eA/ − b/ γ5 −m)ψ, (3)
where bµ is a constant prescribed four-vector. The new introduced gauge invariant inter-
action term between constant vector bµ and axial vector current j
5
µ(x) = ψγµγ5ψ violates
Lorenz and CPT symmetries explicitly, since bµ picks up a fixed direction in space-time.
If the CS term can be induced from the radiative correction with the coefficient kµ ∝ bµ,
then a constraint on LCS from astrophysical observation will restrict a possible Lorentz and
CPT violation in the fermionic sector.
In section 2 we shall review various results on radiatively induced CS term, and then
analyze the possible origin for this ambiguity in section 3. Finally we summarize and
discuss the joint of astrophysical observation with theoretical prediction on Lorentz and
CPT violation and some relevant problems.
2 Various Controversial and Ambiguous Results on Radiatively Induced
Chern-Simons Term
As a general procedure, the quantum effective action can be obtained by integrating out
fermionic fields,
eiΓ[A,b] =
∫
DψDψei
∫
d4xψ(i∂/−eA/−b/ γ5−m)ψ
= det (i∂/ − eA/ − b/ γ5 −m) ;
Γ[A, b] = −iTr ln (i∂/ − eA/ − b/ γ5 −m) . (4)
The radiatively induced Chern-Simons term will be b-linear and parity-odd part of above
effective action.
It is well known that Γ[A, b] or equivalently the relevant fermionic determinant cannot
be evaluated exactly. A perturbative expansion or certain approximation must be utilized
and a use of regularization scheme must be made in the calculation. At first sight, the
evaluation of CS term in the quantum effective action is a typical and simple quantum field
theory problem. However, the concrete calculation turned out to be rather non-trivial and
the result presented remarkable ambiguities: distinct relations between kµ and bµ can yield
depending on concrete calculation schemes. The various ambiguous results are listed in the
following:
•
kµ = 0. (5)
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Coleman and Glashow argued first that the CS term cannot be generated7. They
considered that the axial vector current j5µ(x) = ψ(x)γµγ5ψ(x) should keep gauge in-
variant in the quantum theory at any momentum or equivalently at any space-time
point. Since 〈j5µ(x)〉 = δL(x)/δbµ, this hypothesis is actually equivalent to the re-
quirement that the Lagrangian density corresponding to the quantum effective action
should be gauge invariant. Thus, based on this requirement, the CS term cannot be
generated since its Lagrangian density is explicitly not invariant under gauge trans-
formation Aµ → Aµ + ∂µΛ. Furthermore, Bonneau studied the renormalization of an
extended QED including the CS term (2) and the modified fermionic sector (3). He
found that Ward identities and the renormalization conditions determine uniquely the
absence of CS term from quantum correction8. In fact, when deriving Ward identities,
Bonneau introduced external source fields for the axial vector current and the CS term,
so the Ward identities he derived actually impose gauge invariance on Lagrangian den-
sity and hence coincide with the “no-go theorem” requirement argued by Coleman and
Glashow7. Recently, Adam and Klinkhamer put forward an independent line of reason-
ing the vanishing of radiatively induced CS term rather than gauge symmetry9. They
argued that if the perturbative expansion near b2 = 0 is valid and further the gauge
field Aµ is regarded as a quantized dynamical field rather than an external background
field as Bonneau did, the presence of CS term with a purely time-like coefficient may
violate the causality principle of a quantum field theory. This argument thus excluded
the radiative induction of CS term. In addition, explicit perturbative calculations
in Pauli-Villars regularization5 and dimensional regularization8 shown that kµ should
vanish.
•
kµ =
3e2
16π2
bµ. (6)
However, Jackiw and Kostelecky´ thought that since j5µ(x) only couples with a constant
4-vector bµ, it is true to require only that jµ(x) with zero-momentum (i.e.
∫
d4xj5µ(x))
is gauge invariant at quantum level. Since 〈
∫
d4xj5µ(x)〉 = δS/δbµ, this statement is
equivalent to the requirement that the quantum effective action should be gauge in-
variant. Thus the dynamical generation of CS term can escape from above “no-go
theorem” conjectured by Coleman and Glashow, since the action of CS term is gauge
invariant. Based on this observation, Jackiw and Kostelecky´ calculated the b-linear
part of the one-loop vacuum polarization tensor with bµ-exact propagator. They in-
geniously manipulated the linear divergent term in the loop integration by writing it
into a finite term plus an external momentum derivative term, and then arrived at the
finite result (6). Actually, this result was obtained earlier by Chung and Oh in calcu-
lating the one-loop effective action Eq. (4) in terms of dimensional regularizatoion plus
derivative expansion11. Furthermore, Pe´rez-Victoria12 and Chung13 proved through an
explicit calculation on the parity-odd part of one-loop vacuum polarization tensor at
zero external momentum that the result (6) stands to any order of bµ.
•
kµ = Cbµ, C being an arbitrary constant. (7)
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It was first realized by Jackiw that the perturbative ambiguity for radiatively induced
CS term can be revealed quantitatively in a new developed regularization method called
differential regularization14. This new calculation technique works for a Euclidean field
theory in coordinate space. Its invention is based on the observation that the short-
distance singularity representing the UV divergence of a primitively divergent Feynman
diagram prevent the amplitude from having a Fourier transform into momentum space.
So one can regulate such an amplitude by writing its singular term as a derivative of
another function, which has a well defined Fourier transform, then performing Fourier
transform into momentum space through partial integration and discarding the surface
term. In this way one can directly arrive at a renormalized amplitude. The great
advantages of this regularization over conventional regularization methods lie in that
it does not modify the original classical action and in particular, it does not impose or
violate gauge symmetry in the process of calculation. Only at the end of calculation,
one can get the preferred symmetry by an appropriate choice on indefinite renormal-
ization scales. This is the reason why differential regularization can clearly show the
perturbative ambiguity. The b-linear part of one-loop vacuum polarization tensor in
differential regularization reads15
Π(b)µν (x) =
m2
2π4
bλǫλµνρ
{
−2
[
∂
∂xρ
(
K1(mx)
x
)2
−
∂
∂xρ
(
K1(mx)
x
)2]
+m
∂
∂xρ
[
K1(mx)K0(mx)
x
]}
=
m2
2π4
bλǫλµνρ
{
−
1
2m2
∂
∂xa
[
∂2
(
lnx2M21
x2
)
− ∂2
(
lnx2M22
x2
)]
+m
∂
∂xρ
[
K1(mx)K0(mx)
x
]}
=
1
2π4
bλǫλµνa
{
4π2 ln
M1
M2
∂
∂xρ
δ(4)(x) +m3
∂
∂xρ
[
K1(mx)K0(mx)
x
]}
, (8)
where we have used the asymptotic expansion of the first-order modified Bessel function
of the second kind near x2 ∼ 0,
K1(mx)
x
x2∼0
−→
1
mx2
+
1
4
m ln(m2x2) + · · · , (9)
and the fact that the UV divergence is only contained in the leading term as well as a
typical differential regularization identity,(
1
x4
)
R
= −
1
4
∂2
[
ln(x2M2)
x2
]
. (10)
The corresponding Fourier transform is thus
Π(b)µν (p) =
∫
d4xe−ip·xΠµν(x) =
2
π2
bλǫλµνρipρ
[
ln
M1
M2
+
m
4p
√
1 + p2/(4m2)
ln
√
1 + p2/(4m2) + p/(2m)√
1 + p2/(4m2)− p/(2m)
]
, (11)
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and the CS term is relevant to above polarization tensor at low-energy limit,
Π(b)µν (p)
∣∣∣
p2=0
=
2i
π2
ǫρµνλbρpλ
(
ln
M1
M2
+
1
4
)
. (12)
Since M1 and M2 are two arbitrary renormalization scales, the above result shows that
the relation between kµ and bµ is completely arbitrary.
Furthermore, the same conclusion was drawn by Chung16 through an analysis on the
non-invariance of path integral measure under axial vector gauge transformation as
Fujikawa’s method of evaluating chiral anomaly, and then an explicit calculation on
the b-linear part of the vacuum polarization tensor with the action manifesting the
non-invariance under axial vector gauge transformation.
•
kµ =
e2
8π2
bµ (13)
It was found by Chan17, when adopting the covariant derivative expansion18 to evaluate
the anomalous contribution to the effective action (4), that due to the noncommutativ-
ity of the operators ∂ and Aµ(x) there arises a non-Feynman diagram contribution to
the b-linear part of the vacuum polarization tensor. This additional term looks quite
exotic from the viewpoint of perturbation theory and it seems to represent a some-
how non-perturbative contribution. As a consequence, the result (6) was modified to
e2/(8π2)bµ. The basic idea of covariant derivative expansion is to express local quan-
tum effective Lagrangian in powers of gauge covariant derivative Πµ = i∂µ−eAµ rather
than in powers of i∂µ and Aµ separately
18. The remarkable difference between (6) and
(13) and the feature of covariant derivative expansion motivated us to re-calculate the
b-linear part of the effective action (4) in the technique of Schwinger’s constant field
approximation19 since this method shares the same feature as covariant derivative ex-
pansion. The essence of this method is converting the calculation of an effective action
as (4) into solving a harmonic oscillator problem in non-relativistic quantum mechanics.
It is worth to mention that this is an evergreen method and has been utilized in many
aspects such as computation of gravitational anomaly in 4n+2 dimensions20, investiga-
tion on the dynamical violation of parity and gauge symmetries in three dimensions21
and determining the low-energy effective action of N = 2 supersymmetric Yang-Mills
theory22 etc. We found that if the following trace condition is satisfied,
lim
x′→x
(x− x′)µ(x− x
′)ν
(x− x′)2
= lim
x′→x
1∫
d4x′
∫
d4x′
(x − x′)µ(x− x
′)ν
(x− x′)2
=
1
4
gµν , (14)
then the same result as in covariant derivative expansion can be reproduced23,
〈Jµ(x)〉 =
δΓCS
δAµ(x)
=
e2
4π2
{
exp
[
−ie
∫ x
x′
dyρAρ(y)
]
mK1([−m
2(x− x′)2]1/2
[−m2(x − x′)2]1/2
× (x− x′)µ(x− x
′)ρbνǫ
ρναβFαβ
}∣∣
x′→x
= −
e2
16π2
ǫµνλρbνFλρ, (15)
ΓCS =
e2
16π2
∫
d4x ǫµνλρbµAνFλρ. (16)
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However, it should be emphasized that the limit given in Eq. (14) has a potential
ambiguity and the general result will be that limx→0 xµxν/x
2 = Cgµν , thus the induced
CS term is actually ambiguous. Furthermore, this ambiguous result was confirmed by
Chungs to any order of bµ in the same method
24.
3 Possible Origin of Ambiguity
Four finite but entirely different results on radiatively induced CS term are shown in last
section. The reason behind this ambiguity should be unearthed. Two convincing expla-
nations has been proposed by Sitenko25 and Pe´rez-Victoria27. The former emphasized the
calculation technique cause, while the latter indicated a theoretical origin.
Let us first look at the explanation proposed by Sitenko25, which concerns with two
different formulations of the quantum effective action (4) adopted by Chaichian et al22 and
Chung et al11,
Γ(1) = −iTr ln (i∂/ −A/ −m) + i
∫ 1
0
dzTr
[(
i∂/ −A/ − zγ5b/−m
)
−1
γ5b/
]
, (17)
Γ(2) = −iTr ln
(
i∂/ − γ5b/ −m
)
+ i
∫ 1
0
dzTr
[(
i∂/ − zA/ − γ5b/−m
)−1
A/
]
. (18)
Their b-linear sectors read
i
∫ 1
0
dz Tr
[(
i∂/ −A/ − zγ5b/−m
)−1
γ5b/
]
(b)
=
1
16π2
bµ
∫
d4xǫµνλρFνλAρ
+
1
8π2
bµIν
∫
d4xǫµνλρFλρ +
1
8π2
Iαβ
(
gβνǫµαρλ + gβλǫµνρα
)
bµ
∫
d4xAν∂ρAλ, (19)
i
∫ 1
0
dz Tr
[(
i∂/ − zA/ − γ5b/−m
)−1
A/
]
(b)
=
3
32π2
bµ
∫
d4xǫµνλρFνλAρ
+
1
8π2
Iαβ
(
gβνǫµαρλ + gβλǫµνρα + gβρǫµνρα
)
bµ
∫
d4xAν∂ρAλ, (20)
where
Iµ ≡
1
iπ2
∫
d4k
kµ
(k2 −m2)2
,
Iµν ≡
1
iπ2
∫
d4k
4kµkν − k
2gµν
(k2 −m2)3
=
1
2
gµν −
1
iπ2
∫
d4k
∂
∂kµ
[
kν
(k2 −m2)2
]
(21)
are two momentum integrals with superficially linear and logarithmic divergence, respec-
tively. Due to the explicit breaking of Lorentz symmetry, one cannot naively put Iµ = 0 and
use the formula
∫
dnkkµkνf(k
2) = 1/n gµν
∫
dnkk2f(k2). The approaches of regularization
schemes manipulating these two divergent integrals lead to above finite ambiguities on the
radiatively induced CS term25:
• If a regularization scheme defines Iµ = 0 and imposes the trace condition g
µνIµν = 0,
this actually yields Iµν = 0 due to the fact Iµν ∝ gµν , then the b-linear parts of Γ
(1)
and Γ(2) will yield the results obtained by Jackiw et al and Chan et al, respectively,
Γ
(1)
CS =
1
16π2
bµ
∫
d4x ǫµνλρFνλAρ; Γ
(2)
CS =
3
32π2
bµ
∫
d4x ǫµνλρFνλAρ. (22)
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• In a regularization scheme defining Iµ = 0 and Iµν = 1/2gµν (i.e. omitting the surface
term of Iµν), the conclusion argued by Coleman and Glashow will be reproduced,
Γ
(1)
CS = Γ
(2)
CS = 0. (23)
• If defining the one-loop quantum effective action as an arbitrary combination of (17)
and (18) and choosing a regularization scheme imposing Iµ = Iµν = 0, one can get the
result obtained by Chen in differential regularization,
ΓCS = (1 − c)Γ
(1)
CS + cΓ
(2)
CS =
2 + c
32π2
bµ
∫
d4x ǫµνλρFνλAρ≡Cbµ
∫
d4x ǫµνλρFνλAρ.(24)
The above explanation shows that the origin for the finite ambiguous CS term lies in the
inequivalence between two formulations (17) and (18) of the quantum effective action (4)
and the ambiguity of a regularization method in manipulating logrithmically and linearly
divergent loop momentum integrals.
Pe´rez-Victoria27 put forward another explanation through revealing a relation between
the radiatively induced CS coefficient and triangle chiral anomaly via an intermediate model
having spontaneous breaking of Lorentz and CPT symmetries. The fermionic sector of this
model takes following form27,
L′fermion = ψ
(
iD/ −m+
b˜
Λ
γ5∂/ φ+ icγ5φ+
d
Λ
φ2
)
ψ, (25)
where φ is a real pseudoscalar field (i.e. an axion), Λ is certain large scale and b˜, c and d
are indefinite parameters. In the choice that
c = d = 0, 〈φ〉 =
Λ
b˜
bµx
µ, (26)
the above model will restore the fermionic Lagrangian (3).
As initially argued by Coleman and Glashow7, the radiatively induced CS coefficient k˜ in
the model (25) can be detected by evaluating the quantum vertex Γµν(p, q) composed of one
axion and two photons27, i.e., the 1PI part of the correlation function 〈Aµ(p)Aν(q)φ(−p −
q)〉,
Γµν(p, q) = ǫµνλρpλqρC(p, q), k˜ = −
Λ
2
C(0, 0). (27)
The Lagrangian (25) shows that the b˜-linear part of Γµν(p, q) is explicitly related to the
chiral triangle amplitude V µνρ(p, q) = 〈jµ(p)jν(q)jρ5 (−p− q)〉,
Γµν
b˜
(p, q) =
b˜
Λ
e2(pρ + qρ)V
µνρ(p, q). (28)
It is well known that V µνρ satisfies the celebrated anomalous Ward identity,
(pρ + qρ)V
µνρ(p, q) = 2imV µν(p, q) + ǫµνλρpλqρA, (29)
where A is the chiral anomaly coefficient. Further, the tensor structure of the canonical
term V µν(p, q), which comes from an explicit breaking of chiral symmetry by fermionic
mass term, takes the following form,
V µν(p, q) = 〈jµ(p)jν(q)j5(−p− q)〉 = ǫ
µνλρpλqρV (p, q), j5≡ψγ5ψ, (30)
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Eqs (27)-(30) establish a relation among the form factor C
b˜
(p, q) of the b˜-linear sector of
Γµν(p, q), the form factor V (p, q) of the canonical term in the anomalous Ward identity (29)
and the anomaly coefficient27,
C
b˜
=
b˜
Λ
e2 [2mV (p, q) +A] . (31)
The canonical term V µν(p, q) in the anomalous Ward (29) identity is finite and unambigu-
ous. A comparison 〈jµ(p)jν(q)j5(−p − q)〉 with Γµν(p, q) shows that V
µν(p, q) is actually
equal to the c-linear part of Γµν(p, q). It turned out that the c-linear part of Γµν(p, q) could
be easily calculated since it is convergent27,
k˜c = −
ce2Λ
2
V (0, 0) =
ce2Λ
8π2m
. (32)
An insertion of Eqs. (27) and (32) into (31) immediately lead to a relation among k˜
b
, i.e. the
coefficient of b˜-linear part of Γµν(p, q) defined on the mass-shell of a photon, the parameter
b˜ and anomaly coefficient A,
k˜˜
b
= e2b˜
(
1
4π2
−
1
2
A
)
. (33)
Upon choosing the parameters shown in (26), one can find a relation between radiatively
induced CS coefficient of the model (3) and chiral anomaly coefficent27,
kµ = e
2bµ
(
1
4π2
−
1
2
A
)
. (34)
The origin of the ambiguity on radiatively induced CS coefficient is thus revealed since
the chiral anomaly coefficient is ambiguous and regularization dependent. This fact was
explicitly and quantitatively shown in differential regualrization14,28.
4 Summary and Discussion
The issue on radiatively induced Lorentz and CPT violation in quantum electrodynamics
is reviewed and it has not been completely settled down yet. In this talk we emphasize how
the CS term is induced from quantum correction. The physical effects it causes in classical
electrodynamics were described by Jackiw29. Since the present astrophysical observation
data has excluded the physical consequence of the CS term, thus no matter how this kµ
arises, either as a radiative correction induced from the fermionic sector or as free parameter
set up by hand, it must vanish. Here let us discuss how to “input” this ambiguous quantum
correction to compare with astrophysical observation. There are two approaches in the
literature to include this CS term. One is starting from the conventional QED plus an
explicit Lorentz and CPT violating in the fermionic sector, i.e.
L = −
1
4
FµνF
µν + ψ (i∂/ − eA/ −m)ψ − ψb/ γ5ψ = LQED − Lb, (35)
and the CS term (2) will be induced from quantum correction with the coefficient kµ ∝ e
2bµ.
The other one is introducing the CS term (2) at classical level,
L˜ = LQED − Lb + LCS, (36)
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and the coefficient of CS term is a free parameter. The radiatively induced CS terms cal-
culated in these two models have different meanings from the viewpoint of renormalization
theory, despite that the processes of calculating CS term and the results are identical. In
the framework described by L, the induced CS term can only be considered as a radiative
correction, while in the later model L˜, depending on the renormalization condition, the
induced CS term can be cancelled by a finite counterterm and keep the classical parame-
ter kµ as the renormalized one. According to the perturbation theory of a renormalizable
quantum field theory, a quantum correction calculated in certain regularization scheme,
now matter how it is, finite or infinite, has no physical meaning before a renormalization
procedure is implemented. Only when a renormalization condition is assigned, the quantum
correction is decomposed into two parts, one part will be cancelled by certain counterterm
and absorbed into the classical Lagrangian to redefine the various parameters such as mass
or coupling constant, the other part is the radiative correction and reflects the observable
quantum effects. Based on this fact, it can be easily seen that in the first model the induced
CS term cannot be cancelled by introducing a counterterm since its has no counterpart
in the classical Lagrangian, hence it can only belong to the radiative correction like chiral
anomaly and anomalous magnetic moment etc. However, the induced CS term, despite of
being a radiative correction, has an essential difference with anomalous magnetic moment
and chiral anomaly: it can not be ambiguously fixed by the principle of a quantum field
theory itself. Anomalous magnetic moment can be uniquely evaluated by a gauge invari-
ant regularization scheme. Chiral anomaly, despite it is ambiguous, can be determined if
vector gauge symmetry is required. Whereas for the induced CS term, it seems that gauge
symmetry cannot dominate it27. One may say that the CS term can be determined by the
naturalness of Lorentz and CPT symmetry, but the naturalness of this space-time symme-
try can only take kµ to zero. The ambiguity of the induced CS term make the theory (35)
awkward, since this means that the theory cannot make a definite prediction on the quan-
tum phenomena. If we recall the explanation by Sitenko 25 on the origin of this ambiguity,
this specific example seems to imply an inkling that a quantum field theory, as the most
successful framework of describing subatomic physics up to now, has an intrinsic deficiency
in certain specific situation such as Lorentz symmetry breaking30. This speculation might
be comprehensible, since a relativistic quantum field theory was born out of a combination
between quantum theory and the theory of special relativity. If Lorentz symmetry, the alge-
braic soul of special relativity, collapsed, what could one expect from a relativistic quantum
field model! Of course, it may not be so serious, since there exists a possible way out for the
model (35), namely, considering the contribution to the CS coefficient from all the fermion
species in the Standard Model 11,
kµ ∝
∑
i
e2i b
i
µ, (37)
where the sum index i runs over all the leptons and quarks of the Standard Model. If
biµ come from the vacuum expectation value 〈A
5
µ〉 of an axial vector gauge field, then the
induced CS coefficient may vanish according to the anomaly cancellation in the Standard
Model. However, as indicated by Chung et al11, it is also possible that bµ may not be
related to the vacuum expectation value of an axial vector field.
In contrast, the second setting (36) is more appealing in discussing the physical effects
of CS term. Since CS term is put by hand at the classical level, one can introduce a finite
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counterterm to define renormalized CS coefficient8,27
kµren = k
µ
bare + k
µ
quant + k
µ
counter, (38)
and then input kµren = 0 to yield to the astrophysical observation data. However, in this
case, both kµren and bµ are regarded as independent measurable parameters, k
µ
ren has nothing
with bµ and the astrophysical observation data about the vanishing of kµ does not put any
constraint on bµ
8,27. A fine-tuning is required to get a vanishing kµ and non-vanishing bµ
at the same time since the CS term can be generated from quantum correction with the
coefficient proportional to bµ
27.
Finally, a conclusion from an investigation on the anomalous magnetic moment and
Lamb shift in QED with the extended fermionic sector (3) should be emphasized. It was
found31 that both the anomalous magnetic moment and Lamb shift received an additional
IR divergent radiative correction proportional b2. Furthermore, it was explicitly shown that
even the IR divergence in the Lamb shift cannot be cancelled by the bremsstrahlung process
as in the conventional QED31, let alone eliminating the IR divergence in the anomalous
magnetic moment. Since the anomalous magnetic moment and Lamb shift are two successful
symbols of QED in describing electromagnetic interaction, the IR divergence embracing
them seems thus to reflect the physical inconsistency of QED with above extended fermionic
sector, and therefore ruins the mechanism of generating CS term from radiative correction by
introducing an explicit Lorentz and CPT violating term in the fermionic sector. Of course,
there is a possibility that the calculation on the vertex correction31 has some drawbacks,
since we only expanded the b-exact propagators to the second order, perhaps a summation
to any order of bµ might erase such an IR divergence.
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